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We recall that if *Y* is a smooth projective curve over a global field *k* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P \in Y(k)$$\end{document}$ is a rational point, then one can define the 2-Selmer set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Sel}}}_2 Y$$\end{document}$ of the curve *Y*; it is a subset of the 2-Selmer group of the Jacobian of *Y* that serves as a cohomological proxy for the set *Y*(*k*) of *k*-rational points. In the paper \[[@CR26]\], the second author studied the behaviour of the 2-Selmer sets of the curves in the family ([1.1](#Equ1){ref-type=""}), proving the following theorem (\[[@CR26], Theorem 4.3\]):
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For the definition of a subset defined by congruence conditions, see ([1.4](#Equ4){ref-type=""}) below. This theorem has the following Diophantine consequence (\[[@CR26], Theorem 4.8\]):
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In other words, a positive proportion of curves in the family ([1.1](#Equ1){ref-type=""}) have no $\documentclass[12pt]{minimal}
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*The results of this paper* The goal of this paper is to generalize these results to the other two families ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) described above. The techniques we use are broadly similar to those of \[[@CR26]\], and are based around the relation, introduced in \[[@CR25]\], between the arithmetic of these families of curves and certain Vinberg representations associated to the corresponding root systems. We study this relation and then employ the orbit-counting techniques of Bhargava to prove our main theorems. We refer the reader to \[[@CR26], Introduction\] for a more detailed discussion of these ideas.

In order to state the main theorems of this paper precisely, we must introduce some more notation. We will find it convenient to state our results in parallel for the two families ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}). When it is necessary to split into cases, we will say that we are either in Case $\documentclass[12pt]{minimal}
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Theorem 1.4 {#FPar4}
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Informally, we have shown that a positive proportion of each of the families ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) consists of curves with $\documentclass[12pt]{minimal}
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*Methodology* We now describe some new aspects of the proofs of Theorems [1.3](#FPar3){ref-type="sec"} and [1.4](#FPar4){ref-type="sec"}. The main steps of our proofs are the same as those of \[[@CR26]\]: we combine the parameterization (constructed in \[[@CR25]\]) of 2-Selmer elements by rational orbits in a certain representation (*G*, *V*) arising from a graded Lie algebra with a technique of counting integral orbits (i.e. of the group $\documentclass[12pt]{minimal}
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Although our proofs are similar in outline to those of \[[@CR26]\], we need to introduce several new ideas here. For example, the most challenging technical step in the argument is to eliminate the contribution of integral points which lie 'in the cusp'. (In the notation of Sect. [2.3](#Sec5){ref-type="sec"}, these points correspond to vectors *v* such that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {h}}$$\end{document}$.) For this step we prove an optimized criterion (Proposition [2.15](#FPar27){ref-type="sec"}) for when certain vectors are reducible (this implies that they cannot contribute to the non-trivial part of the 2-Selmer set of a smooth curve in our family).This criterion is based in large part on the Hilbert--Mumford stability criterion. Its application in this context is very natural, but seems to be new.

We then use a computer to carry out a formidable computation to bound the contribution of the parts of the cuspidal region that are not eliminated by this criterion (see Proposition [4.5](#FPar53){ref-type="sec"}). For comparison, we note that in \[[@CR26]\], the cuspidal region was broken up into 68 pieces; here the analogous procedure leads to a decomposition into 1429 (resp. 9437) pieces in Case $\documentclass[12pt]{minimal}
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The current setting also differs from that of \[[@CR26]\] in that the curves of family ([1.2](#Equ2){ref-type=""}) have more than one marked point at infinity. (The geometric reason for this is that the projective tangent line to a flex point *P* of a plane quartic curve intersects the curve in exactly one other point *Q*. This implies that the family ([1.2](#Equ2){ref-type=""}), essentially the universal family of plane quartics with a marked flex point, has two canonical sections.) We find that the orbits that parameterize the divisor classes arising from these points match up in a very pleasant way with a certain subgroup of the Weyl group of the ambient Lie algebra $\documentclass[12pt]{minimal}
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It remains an interesting open problem to generalize the results of this paper and of \[[@CR26]\] to study the average size of the 2-Selmer group of the Jacobians of the curves in ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}) (and not just the size of their 2-Selmer sets). The rational orbits necessary for this study were constructed in \[[@CR27]\], but we do not yet understand how to construct integral representatives for these orbits, in other words, how to prove the analogue of Lemma [3.5](#FPar37){ref-type="sec"} below after replacing the set $\documentclass[12pt]{minimal}
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*Notation* Given a connected reductive group *H* and a maximal torus $\documentclass[12pt]{minimal}
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A stable grading {#Sec2}
================

In this section we establish the algebraic foundation for the proofs of our main theorems: in each of our two cases, we describe the parameterization of certain 2-coverings of Jacobians of algebraic curves by orbits in a representation arising from a $\documentclass[12pt]{minimal}
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Definition of the grading {#Sec3}
-------------------------

Let *k* be a field of characteristic 0 with fixed separable closure $\documentclass[12pt]{minimal}
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### Proof {#FPar9}

What remains to be shown is that the third condition is equivalent to the vector *v* having a closed orbit and a finite stabilizer in *G*. This is the Hilbert--Mumford stability criterion (see e.g. \[[@CR15]\]).$\documentclass[12pt]{minimal}
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### Lemma 2.5 {#FPar10}
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### Proof {#FPar13}

The first part follows from work of Kostant and Rallis as applied in \[[@CR25]\]: see especially lemmas 2.17 and 3.5. The second part follows from \[[@CR2], Proposition 1\] as applied in \[[@CR25], Proposition 4.13\]. $\documentclass[12pt]{minimal}
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### Corollary 2.7 {#FPar14}
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### Theorem 2.8 {#FPar15}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$Y_b$$\end{document}$. There is a canonical isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_b[2] \cong Z_{G}(\kappa _b)$$\end{document}$ of finite étale *k*-groups, where $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\kappa $$\end{document}$ is any choice of Kostant section.

### Proof {#FPar16}

For the first part, see \[[@CR25], Theorem 3.8\] and \[[@CR25], Corollary 3.16\]. For the second part, see \[[@CR25], Corollary 4.12\]. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\square $$\end{document}$

The next two theorems identify the fibres of the morphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$X \rightarrow B$$\end{document}$ in Theorem [2.8](#FPar15){ref-type="sec"} when *H* has type $\documentclass[12pt]{minimal}
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                \begin{document}$$E_8$$\end{document}$. We find it convenient to split into cases.

### Theorem 2.9 {#FPar17}

(Case $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {E_7}$$\end{document}$) Suppose that *H* is of type $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\kappa $$\end{document}$ as in Proposition [2.6](#FPar12){ref-type="sec"}. Also fix a normal $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {s}}{\mathfrak {l}}_2$$\end{document}$-triple (*e*, *h*, *f*) such that *e* is subregular nilpotent, and define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X = S_{(e, h, f)}$$\end{document}$ as above.We may choose homogeneous generators $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_2, c_6, c_8, c_{10}, c_{12}, c_{14}, c_{18}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$k[V]^G$$\end{document}$ and functions $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$x, y \in k[X]$$\end{document}$ so that *k*\[*X*\] is isomorphic to a polynomial ring in the elements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_2, {c_6, c_8, c_{10}, c_{12}}, c_{14}, x, y$$\end{document}$, and the morphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$X \rightarrow B$$\end{document}$ is determined by the relation ([1.2](#Equ2){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} y^3 = x^3 y + c_{10} x^2 + x(c_2 y^2 + c_8 y + c_{14} ) + c_6 y^2 + c_{12} y + c_{18}. \end{aligned}$$\end{document}$$ Moreover, the elements $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$c_2, c_6, c_8, c_{10}, c_{12}, c_{14}, c_{18}, x, y \in k[X]$$\end{document}$ are eigenvectors for the action of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathbb {G}}_m$$\end{document}$ on *X* mentioned above, with weights as in the following table:Let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$Y \rightarrow B$$\end{document}$ denote the natural compactification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \rightarrow B$$\end{document}$ as a family of plane quartic curves, given in homogeneous coordinates as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y_0^3 z_0= & {} x_0^3 y_0 + c_{10} x_0^2 z_0^2 + x_0\left( c_2 y_0^2 z_0 + c_8 y_0 z_0^2 + c_{14} z_0^3\right) \\&\quad + c_6 y_0^2 z_0^2 + c_{12} y_0 z_0^3 + c_{18}z_0^4. \end{aligned}$$\end{document}$$ This compactification has two sections $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$P_2$$\end{document}$ at infinity, given by the equations $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[x_0 : y_0 : z_0] = [0 : 1 : 0]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[x_0 : y_0 : z_0] = [1 : 0 : 0]$$\end{document}$ respectively (note that $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$P_1$$\end{document}$ is a flex point). Assume that under the bijection of \[[@CR25], Lemma 4.14\] the section corresponding to *E* is $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$P_1$$\end{document}$. Then for each $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\Delta (b) \ne 0$$\end{document}$, the following diagram commutes: where the maps in the diagram are specified as follows. The top arrow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota _b$$\end{document}$ is induced by the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \hookrightarrow V$$\end{document}$. The left arrow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _b$$\end{document}$ is the restriction of the Abel--Jacobi map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P \mapsto [(P) - (P_1)]$$\end{document}$. To define $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\gamma _b$$\end{document}$, we use Proposition [2.6](#FPar12){ref-type="sec"} to obtain an injective homomorphism to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(k) \backslash V_b(k) \rightarrow H^1(k, Z_G(\kappa _b))$$\end{document}$, and then compose with the identification $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_G(\kappa _b) \cong J_b[2]$$\end{document}$ of Theorem [2.8](#FPar15){ref-type="sec"}. The bottom arrow $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _b$$\end{document}$ is the connecting homomorphism associated to the Kummer exact sequence

### Proof {#FPar18}

In this theorem and the next, the first part (i.e. the explicit determination of the family *X*) is carried out in \[[@CR25], Theorem 3.8\], the weights for the $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$${\mathbb {G}}_m$$\end{document}$ action are given in \[[@CR25], Proposition 3.6\], and the second part is the content of \[[@CR25], Theorem 4.15\]. $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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We note that, having fixed a choice of regular nilpotent *E*, we can always assume, after possibly replacing *e* by a $\documentclass[12pt]{minimal}
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                \begin{document}$$P_1$$\end{document}$ under the bijection of \[[@CR25], Lemma 4.14\] referred to in the second part of Theorem [2.9](#FPar17){ref-type="sec"}.

### Theorem 2.10 {#FPar19}

(Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\mathbf {E_8}$$\end{document}$) Suppose that *H* is of type $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa $$\end{document}$ as in Proposition [2.6](#FPar12){ref-type="sec"}. Also fix a normal $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$${\mathfrak {s}}{\mathfrak {l}}_2$$\end{document}$-triple (*e*, *h*, *f*) such that *e* is subregular nilpotent, and define $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$X = S_{(e, h, f)}$$\end{document}$ as above.We may choose homogeneous generators $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2, c_8, c_{12}, c_{14}, c_{18}, c_{20}, c_{24}, c_{30}$$\end{document}$ of $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$x, y \in k[X]$$\end{document}$ so that *k*\[*X*\] is isomorphic to a polynomial ring in the elements $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$c_2, {c_8, c_{12}, c_{14}, c_{18}, c_{20}}, c_{24}, x, y$$\end{document}$, and the morphism $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$X \rightarrow B$$\end{document}$ is determined by the relation ([1.3](#Equ3){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y^3 = x^5 + y(c_2 x^3 + c_8 x^2 + c_{14} x + c_{20} ) + c_{12} x^3 + c_{18} x^2 + c_{24} x + c_{30}. \end{aligned}$$\end{document}$$ Moreover, the elements $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_2, c_8, c_{12}, c_{14}, c_{18}, c_{20}, c_{24}, c_{30}, x, y \in k[X]$$\end{document}$ are eigenvectors for the action of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {G}}_m$$\end{document}$ on *X* mentioned above, with weights as in the following table:Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y \rightarrow B$$\end{document}$ denote the compactification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \rightarrow B$$\end{document}$ described in \[[@CR25], Lemma 4.9\]. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P : B \rightarrow Y$$\end{document}$ denote the unique section at infinity (so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y = X \cup P$$\end{document}$). Then for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in B(k)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta (b) \ne 0$$\end{document}$, the following diagram commutes: where the maps in the diagram are specified as follows. The top arrow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota _b$$\end{document}$ is induced by the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \hookrightarrow V$$\end{document}$. The left arrow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _b$$\end{document}$ is the restriction of the Abel--Jacobi map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q \mapsto [(Q) - (P)]$$\end{document}$. To define $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _b$$\end{document}$, we use Proposition [2.6](#FPar12){ref-type="sec"} to obtain an injective homomorphism to $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$G(k) \backslash V_b(k) \rightarrow H^1(k, Z_G(\kappa _b))$$\end{document}$, and then compose with the identification $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_G(\kappa _b) \cong J_b[2]$$\end{document}$ of Theorem [2.8](#FPar15){ref-type="sec"}. The bottom arrow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _b$$\end{document}$ is the connecting homomorphism associated to the Kummer exact sequence

### Lemma 2.11 {#FPar20}

In Case $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta (b) \ne 0$$\end{document}$. Then $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\delta _b([(P_2) - (P_1)])$$\end{document}$ is in the image of $\documentclass[12pt]{minimal}
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### Corollary 2.12 {#FPar22}
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### Proof {#FPar23}
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Reducibility conditions {#Sec5}
-----------------------

We now define the notion of *k*-reducibility and study the properties of *k*-reducible elements of *V*(*k*).

### Definition 2.13 {#FPar24}
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Roots and weights {#Sec6}
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Integral structures, measures, and orbits {#Sec9}
=========================================

In Sect. [2](#Sec2){ref-type="sec"}, we introduced the following data:the group *H* over *k*, together with split maximal torus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \subset H$$\end{document}$, root basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_H \subset X^*(T)$$\end{document}$, involution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta = {{\mathrm{Ad}}}\check{\rho }(-1)$$\end{document}$, and Lie algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {h}}= {{\mathrm{Lie}}}H$$\end{document}$;the group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G = (H^\theta )^\circ $$\end{document}$ and its representation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V = {\mathfrak {h}}^{d \theta = -1}$$\end{document}$, together with a root basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_G \subset X^*(T)$$\end{document}$ and Lie algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {g}}= {{\mathrm{Lie}}}G$$\end{document}$;the categorical quotient and quotient map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi : V \rightarrow B$$\end{document}$;the discriminant polynomial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta \in k[B]$$\end{document}$.From now on, we also fix the regular nilpotent element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E = \sum _{\alpha \in S_H} e_\alpha \in V$$\end{document}$. We now assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = {\mathbb {Q}}$$\end{document}$ and study integral structures on these objects.

Integral structures and measures {#Sec10}
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### Proof {#FPar32}
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### Proposition 3.3 {#FPar33}
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The first part follows from Lemma [3.2](#FPar31){ref-type="sec"} and the *p*-adic formula for integration in fibres; see \[[@CR12], Sect. 7.6\]. To prove the second part, we note that the function $\documentclass[12pt]{minimal}
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Selmer elements and integral orbits {#Sec11}
-----------------------------------

We now discuss the construction of elements of $\documentclass[12pt]{minimal}
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### Lemma 3.4 {#FPar35}
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### Proposition 3.6 {#FPar39}
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### Lemma 3.7 {#FPar41}
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### Lemma 3.9 {#FPar45}

There exists an open subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_2 \subset {\mathcal {B}}({\mathbb {Z}}_2)$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in U_2$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta (b) \ne 0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_2) \ne \emptyset $$\end{document}$, and the image of the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_2) \rightarrow J_b({\mathbb {Q}}_2) / 2 J_b({\mathbb {Q}}_2)$$\end{document}$ does not intersect the subgroup generated by the divisor class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[(P_1) - (P_2)]$$\end{document}$ in Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_7}$$\end{document}$ (resp. does not contain the identity in Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_8}$$\end{document}$).

### Proof {#FPar46}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in {\mathcal {B}}({\mathbb {F}}_2)$$\end{document}$ is such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_{c}$$\end{document}$ is smooth, let us write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {Y}}_c$$\end{document}$ for the smooth projective completion of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_{c}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Pic}}}^0_{{\mathcal {Y}}_c}$$\end{document}$. In order to prove the lemma, it suffices to exhibit a single point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in {\mathcal {B}}({\mathbb {F}}_2)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_{c}$$\end{document}$ is smooth, and such that the image of the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_2) \rightarrow {\mathcal {J}}_c({\mathbb {F}}_2) / 2 {\mathcal {J}}_c({\mathbb {F}}_2)$$\end{document}$ is non-trivial and does not intersect the given subgroup. Indeed, suppose *c* is such a point, and define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_2$$\end{document}$ to be the preimage of *c* under the natural map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {B}}({\mathbb {Z}}_2) \rightarrow {\mathcal {B}}({\mathbb {F}}_2)$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in U_2$$\end{document}$, then there is a commutative diagramBy Hensel's Lemma, the existence of a point in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_2)$$\end{document}$ implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_2)$$\end{document}$ is non-empty. Since the diagram is commutative, the image of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_2)$$\end{document}$ does not intersect the subgroup generated by the divisor class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[(P_1) - (P_2)]$$\end{document}$ in Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_7}$$\end{document}$ (resp. does not contain the identity in Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_8}$$\end{document}$).

It remains to exhibit such a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in {\mathcal {B}}({\mathbb {F}}_2)$$\end{document}$ in each case. In Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_7}$$\end{document}$, we consider the curve$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {X}}_c : y^3 = x^3 y + y + 1. \end{aligned}$$\end{document}$$We have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c$$\end{document}$ is smooth over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_2)$$\end{document}$ consists of exactly one point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x, y) = (1, 1)$$\end{document}$. There is an isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) \cong {\mathbb {Z}}/ 18 {\mathbb {Z}}$$\end{document}$, hence an isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) / 2 {\mathcal {J}}_c({\mathbb {F}}_2) \cong {\mathbb {Z}}/ 2 {\mathbb {Z}}$$\end{document}$. The subgroup of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) / 2 {\mathcal {J}}_c({\mathbb {F}}_2)$$\end{document}$ generated by the divisor class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[(P_1) - (P_2)]$$\end{document}$ is the trivial subgroup, while the point (1, 1) has non-trivial image in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2)/2{\mathcal {J}}_c({\mathbb {F}}_2)$$\end{document}$ (in fact, its image in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2)$$\end{document}$ is a generator).

In Case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E_8}$$\end{document}$, we consider the curve$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {X}}_c : y^3 = x^5 + y(x^3 + x^2) + x^3 + 1. \end{aligned}$$\end{document}$$We have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c$$\end{document}$ is smooth over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_2)$$\end{document}$ consists of the two points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x, y) = (0, 1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x, y) = (1, 1)$$\end{document}$. There is an isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) \cong {\mathbb {Z}}/ 30 {\mathbb {Z}}$$\end{document}$, hence an isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) / 2 {\mathcal {J}}_c({\mathbb {F}}_2) \cong {\mathbb {Z}}/ 2 {\mathbb {Z}}$$\end{document}$. Both of the rational points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_2)$$\end{document}$ have non-trivial image in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}_c({\mathbb {F}}_2) / 2 {\mathcal {J}}_c({\mathbb {F}}_2)$$\end{document}$.

We verified all these properties of the given curves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c$$\end{document}$ using the ClassGroup functionality in magma \[[@CR6]\]. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 3.10 {#FPar47}

For every prime *p*, there exists an open compact subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_p \subset {\mathcal {B}}({\mathbb {Z}}_p)$$\end{document}$ such that for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in U_p$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta (b) \ne 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_p) \ne \emptyset $$\end{document}$.There exists an integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_3 \ge 1$$\end{document}$ such that for every prime $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p > N_3$$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in {\mathcal {B}}({\mathbb {Z}}_p)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta (b) \ne 0$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_b({\mathbb {Z}}_p) \ne \emptyset $$\end{document}$.

### Proof {#FPar48}

For each prime *p*, it is not difficult to find a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in {\mathcal {B}}({\mathbb {F}}_p)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_{c}$$\end{document}$ is smooth and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_c({\mathbb {F}}_p)$$\end{document}$ is non-empty. Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_p$$\end{document}$ to be the preimage of *c* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {B}}({\mathbb {Z}}_p)$$\end{document}$ establishes the first part of the lemma. The second part follows from Hensel's Lemma and the Weil bounds; here we are implicitly using the fact, already established in the proof of Lemma [3.5](#FPar37){ref-type="sec"}, that for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in {\mathcal {B}}({\mathbb {F}}_p)$$\end{document}$, the irreducible components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {X}}_{c}$$\end{document}$ are geometrically irreducible. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Counting points {#Sec13}
===============
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Our proof is very similar to that of \[[@CR26], Theorem 3.1\], except that a significant amount of case-by-case computation is required in order to control the contribution of elements that are 'in the cusp' (i.e. elements that lie in the codimension-one subspace of *V* where the coordinate corresponding to the highest root of *H* vanishes; see Proposition [4.5](#FPar53){ref-type="sec"} below). To avoid repetition, we omit the details of proofs that are essentially the same as proofs appearing in \[[@CR26], Sect. 3\].
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In order to actually count points, we will use the following result, which follows from \[[@CR1], Theorem 1.3\]. This replaces the use of \[[@CR26], Proposition 3.5\], itself based on a result of Davenport \[[@CR9]\]. We prefer to cite \[[@CR1]\] since the possibility of applying \[[@CR9]\] to a general semialgebraic set rests implicitly on the Tarski--Seidenberg principle (see \[[@CR10]\]).
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---------------
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Proof {#FPar56}
-----
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We can now finish the proof of Theorem [4.1](#FPar49){ref-type="sec"}. By Lemma [4.2](#FPar50){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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We now state the more refined version of Theorem [4.1](#FPar49){ref-type="sec"} mentioned at the beginning of this section.

Theorem 4.7 {#FPar57}
-----------
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Proof {#FPar58}
-----
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Applications to 2-Selmer sets {#Sec14}
=============================

In this final section, we prove our main theorems, including the results stated in Sect. [1](#Sec1){ref-type="sec"}, by combining all the theory developed so far. In order to avoid confusion, we treat each of the two families of curves (corresponding to Case $\documentclass[12pt]{minimal}
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Our main theorems are now as follows.

### Theorem 5.3 {#FPar63}
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The proof of Theorem [5.4](#FPar64){ref-type="sec"} is essentially a refined version of the proof of Theorem [5.3](#FPar63){ref-type="sec"}, so we just give the proof of Theorem [5.4](#FPar64){ref-type="sec"}.

### Proof of Theorem 5.4 {#FPar65}
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### Lemma 5.5 {#FPar66}
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### Theorem 5.6 {#FPar68}
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### Proof {#FPar69}
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The proof is very similar to the proof of \[[@CR26], Lemma 4.1\] and to the proof of Proposition [5.1](#FPar59){ref-type="sec"}, so we omit it.
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### Theorem 5.8 {#FPar71}
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### Theorem 5.9 {#FPar72}
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### Theorem 5.10 {#FPar73}
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We note that the definition of a Kostant section is often more general than the one stated here, but in this paper we restrict our attention to sections of this form.

These Mathematica notebooks may be found at [https://www.dpmms.cam.ac.uk/\~jat58/E7CuspData.nb](https://www.dpmms.cam.ac.uk/%7ejat58/E7CuspData.nb) and [https://www.dpmms.cam.ac.uk/\~jat58/E8CuspData.nb](https://www.dpmms.cam.ac.uk/%7ejat58/E8CuspData.nb) respectively.
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